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Abstract. The inclusion of the anisotropic vertex is shown to influence the character of 
random walks. The isotropic fixed point will be unstable. The correction to the diffusion 
law at large timescales is calculated in the framework of the &-expansion method. 

Recently great interest has arisen in the problem of the classical diffusion of a particle 
in the random environment. This process is described by the equation 

[ a , - V l ( D V i - F i ( r ) ) ] c ( r ,  t ) = O  (1) 

where F,(r)  is the random vector field with the properties ( F i ( r ) )  = 0 and only simple 
correlator (Fi (r )F, (r ’ ) )  # 0. The diffusion law at large timescales has to be determined. 
In the one-dimensional case this problem was resolved by Sinai (1982). Marinari et 
a1 (1983) discussed the possible connection of the random walks with the l/f noise 
problem at d = 1 and 2 (their point of view was criticised by Obukov (1983)). At 
1 < d 4 2 with the correlator 

( Fi( r)F, ( r ’ ) )  - 6,6( r - r’)  (2) 

the random walk was investigated by Obukhov (1983) and Fisher (1984). The corre- 
sponding diagram technique rule has been proposed earlier by Obukhov and Peliti 
(1983). Fisher et a1 (1985) and Kravtsov et a1 (1985, 1986) have shown that in cases 
of constrained forces the following Fourier transform of the correlators 

should be included. 
The interest in all these models is related to the fact that d = 2 is the upper critical 

dimensionality, below which the character of diffusion differs from the classical one. 
The corresponding corrections can be calculated by means of the &-expansion method. 

Aronovitz and Nelson (1984) investigated the model with (F,(  r ) )  # 0. Also, they 
pointed out that the model with the fluctuating coefficient D in (1) is not relevant 
because the problem reduces to the calculation of small corrections within ordinary 
perturbation theory. 

The aim of the present paper is to point out that other correlators must be included 
because of the possible anisotropy of the medium. We examine here the simplest case 
of the anisotropy determined by the unit vector n. 
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Then instead of ( 2 )  we have 

(F,(  r)F,( r ' ) )  = (gl( 6, - n,nj) + g2n,nj)d( r - r')  (4) 

where g, and g, are the bare coupling constants. We will use the functional integral 
method by Martin er a1 (1973) (see also De Dominicis and Peliti 1978). Let us write 
down the functional integral 

Z =  9c(r ,  t)S(d,c-DV2c+ViFic) exp d r d t c ( r ,  r)h(r, t )  5 
where c(r, t )  is the local concentration and h(r, r )  is a source field. Eliminating the 
delta function with the aid of an auxiliary Z(r, t )  field 

9= d r  dt[ iZ(d,-DV*+V,F,)c+~c]  (6) I Z =  %%e7 I 
and averaging the exponent with the correlators (4), we obtain 

9= d r  dt[iC(d, -DV2)c-i(g,(6u - n,nj)+g2n,nj) I 
x 5 dr'(V,E(r, t))C(r, t ) (VjC(r ,  l'))c(r, ~ ' ) + H c ] .  (7) 

After the Fourier transformation ~=I%& [icqw(-iw + Dq2)Cqw + h-q,-uCqw] + f ( g , ( d V  - n,nj) + g2njnj) 

In the one-loop approximation the corrections to the vertices are given by the diagrams 
in figures 1( a )  and ( b ) .  Performing the calculation of diagrams, we get the renormalisa- 
tion group equations 

where E = 2 - d, ie = q i z x g , / 4 ~ D 2  is a dimensionless coupling constant, qmax is the 
upper cut-off of the integrals. Equations (9) and (10) have fixed point at i ,  = i2 = E. 

The trajectories on the phase plane i , ,  i2 at E > 0 are presented in figure 2. The 

( a  I 
Figure 1. The vertex corrections. 
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Figui Figure 2. The phase trajectories. 

hatching shows the stability borders of the Hamiltonian. As we can see from figure 
2, the fixed point gj = g2  = E is unstable (saddle point). If there is an inequality for 
the bare coupling g:> gy, we have asymptotically at (+cc 

gl = gy exp( -2g25) + o i 2  = ii( qmax/ 9 )  (11) 

= 8 ( q m a x / q ) B  g2 = g: exp( - 2 g , 5 )  + 0. (12) 

Here q = max{ qo ,  ( U /  D )  If < gy, we have asymptotically 

Now we calculate the correction to the correlator; see figure 3. In the vertices we 
put the renormalised coupling g2  (at g i >  gy). The analytical expression has the form 

(13) qt (91, + q21) q2k (41 I + 41) 
X 

(-io + D( q1 + q ) * )  (- iw + Dq ;) (-iw + D( q1 + q2)  ’ )  ‘ 
With logarithmic accuracy it follows from (13) that 

c ( a  0) = 4Di:n,n,q,q,5. (14) 

The correlator ( r , ( t ) r p ( t ) )  can be calculated with the aid of the Green function 

41 + 42 

Figure 3. The self-energy diagram. 
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where 

G-'(q, w )  = -iw + D q 2 - c  (q ,  w ) .  

( r, ( t ) rp ( t )) = Dt ( S a p  - g'p n e @ ) .  

(16) 

After the substitution of (14) and (16) in (15) we obtain 

(17) 

It follows from (17) that in the fixed direction the character of diffusion changes 
drastically; the corresponding correction - t ' + & .  

In summary, the inclusion of the anisotropic vertex seriously influences the character 
of diffusion. The anisotropy is more strongly manifest at large timescales. This leads 
to the correction of the diffusion law. 

Acknowledgment 

We are grateful to S P Obukhov and K D Tovstyuk for useful discussions. 

References 

Aronovitz J A and Nelson D R 1984 Phys. Rev. A 30 1948 
De Dominicis C and Peliti L 1978 Phys. Reo. B 18 353 
Fisher D S 1984 Phys. Rev. A 30 960 
Fisher D S, Friedan D, Qiu Z, Shenker S J and Shenker S H 1985 Phys. Rev. A 31 3841 
Kravtsov V E, Lerner I V and Yudson V I 1985 J. Phys. A: Math. Gen. 18 L703 

Marinari E, Parisi G, Ruelle D and Windey P 1983 Phys. Rev. Lett. 50 1223 
Martin P C, Siggia E D and Rose H A 1973 Phys. Rev. A 7 423 
Obukhov S P 1983 JETP Lett. 39 21 
Obukhov S P and Peliti L 1983 J. Phys. A: Math. Gen. 16 L147 
Sinai Ya 1982 Proc. Berlin Con$ on Mathematical Problems in Theoretical Physics (Berlin: Springer) p 12 

- 1986 SOU. Phys.-JETP 91 569 


